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ABSTRACT
A displacement correlation method (DCM) for the extraction of stress in-
tensity factors (SIFs) from three-dimensional fractures in anisotropic bodies
is presented in this work. The proposed anisotropic DCM is able to handle
materials with rectilinear anisotropy in bodies with arbitrary crack geome-
try and material alignment. A high-order generalized finite element method
(GFEM) approximation is used enriched with p-hierarchical polynomials,
discontinuous Heaviside functions, and singular crack front functions for the
approximate displacement fields. The anisotropic DCM is able to match re-
sults against analytical solutions for single mode and mixed-mode fracture
with high accuracy. Several problems with more complex geometry are inves-
tigated and compared against results in the literature. Excellent agreement is
seen in all problems examined. The goal of this work is to present an efficient
and accurate method for the extraction of SIFs in three-dimensional, mixed-
mode fractures that is applicable for problems with any form of rectilinear
anisotropy, arbitrary crack geometry, and any material alignment.
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Fracture and fatigue of structural components is a critical design concern
for structural engineers worldwide. The prospect of catastrophic failure that
this mechanism presents is particularly chilling. To avoid such dire conse-
quences engineers need robust tools to evaluate the useful life of components
or the likelihood of an existing fracture to grow, and examine possible strate-
gies to mitigate this process in any material of interest. Anisotropic materials
are becoming more prevalent in structural components as the usefulness of
their directionally-dependent properties is identified. Unfortunately, these
materials still fracture, and their complex behavior has an effect on the re-
sponse of a structure to fracture. While fracture in isotropic materials has
been investigated widely, anisotropic fracture gets significantly less attention.
The aim of this work is to provide a clear, accurate, and generally applicable
method to handle fracture in linear elastic homogeneous anisotropic materi-
als. The proposed method is restricted to rectilinear anisotropic materials,
in which the elastic behavior of the material can be characterized by three
directions in a Cartesian coordinate system.
Stress intensity factors (SIFs) were developed by Irwin [1] and can be used
to describe the stress field near a fracture, predict the rate of fracture growth
in a body, and set failure criteria for fractured structural components. With
a basis in linear elastic fracture mechanics [2], engineers can use this quan-
tity to assess real-world fracture problems and make sound design decisions
to hinder damage caused by fractures. Calculation of SIFs is an important
aspect of any numerical tool used in the analysis of linear elastic fracture
mechanics problems. One of the oldest and simplest methods used to ap-
proximate SIFs is the displacement correlation method (DCM). The DCM
uses the solution of elasticity in the neighborhood of a crack to relate stress
intensity factors to the displacement field near a crack [2]. A myriad of stud-
ies has been performed to asses the performance of the DCM with various
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discretization methods. Gupta et al. optimized the DCM for performance
with a Generalized Finite Element Method (GFEM) in [3] and Nejati et al.
examined this method when coupled with the standard finite element method
(FEM) in [4] to name a few recent studies in isotropic materials. The main
appealing points of this method are its flexibility to work with virtually any
numerical method, low computational cost when compared with other extrac-
tion methods, and accuracy given the use of an appropriate discretization for
fracture mechanics problems.
The DCM for isotropic materials has been extensively tested, but little
attention has been paid to an anisotropic DCM, in particular in a 3-D setting.
The work showing the most promise so far is detailed in [5] which appears to
handle the case of general fracture in rectilinear anisotropic bodies, but does
not have a clear mathematical path to the SIFs when the material is fully
anisotropic. The displacement field in the neighborhood of a crack derived
by Hoenig in [6] is utilized as the backbone for an anisotropic DCM in [7]
for materials with monoclinic or greater symmetry. Their anisotropic DCM
is removed from consideration in [8] where the case of general anisotropy is
investigated. In the next section of this work the framework provided in [6]
is used to build an anisotropic DCM that is applicable for the general case
of fracture in materials with rectilinear anisotropy. The proposed method
has a clear path to approximate any material alignment and crack geometry
that can be presented in the context of linear elastic fracture mechanics in a
homogeneous elastic body composed of a rectilinear anisotropic material.
The anisotropic DCM is coupled with a high-order generalized finite el-
ement method [9, 10, 11] to extract SIFs from 3-D fractures in anisotropic
bodies. Hierarchical high-order polynomials from [12, 13] are used to en-
rich the full domain, along with Heaviside enrichment functions to describe
the discontinuity in the solution, and singular enrichment functions near the
crack front to introduce the complex behavior brought on by the fracture.
This method is discussed in detail in Section 3. Once the anisotropic DCM
and discretization method are understood two simple examples that have
analytical solutions are compared to the results obtained from numerical so-
lutions in Chapter 4 to test the performance of the method. This section is
continued with more complex examples from the literature that do not have
analytical solutions. The proposed anisotropic DCM is able to accurately







Stress Intensity Factors (SIFs) are a key component in linear elastic frac-
ture mechanics. The SIFs provide a measure of the stress state near a crack
front in a body subject to remote loading. SIFs can be used to predict
fracture growth and fatigue life of structural components. As these two phe-
nomena are of major concern in structural mechanics and engineering, the
ability to calculate these quantities provides valuable insight.
The displacement correlation method (DCM) is one of the first methods
developed to extract SIFs [14, 15] and is available for use in most commercial
FEM software. It has been tested against a multitude of problems with varied
loading and geometry. The formulation has been tailored against analytical
solutions for simulations using the standard FEM with quarter point elements
[4, 15] and for the generalized FEM [3] for isotropic homogeneous materials.
The method relies on a relationship between the jump in the displacement
field across the crack surface and the SIFs based on the asymptotic solution
of elasticity in the neighborhood of a crack. While the DCM for isotropic
materials is well vetted, the same cannot be said for anisotropic materials.
Such an efficient method to calculate SIFs in these complex materials could
have great advantages over other methods.
The displacement field in the neighborhood of a crack can often be derived
mathematically for a general problem. Once the mathematical relationships
are understood the strategy can be implemented numerically and used along-
side a discretization method to approximate the displacement field, to then
approximate the value of the SIFs. The DCM is independent of the method

















Figure 2.1: Crack front coordinates x̄, global coordinates X, and material
coordinates x
2.1 Derivation of the Anisotropic DCM
The anisotropic DCM proposed here can handle complex crack geometry
and materials with general rectilinear anisotropic behavior where the elastic
behavior of the material at any point is characterized by three directions in
Cartesian coordinates. The equations discussed in this section are built with
respect to a crack front vertex coordinate system as designated in Figure 2.1.
In order to keep the formulation general there are three coordinate systems
shown in Figure 2.1: crack front coordinates, x̄, that describes the position
relative to a certain crack front vertex in the computational representation
of the crack; material coordinates, x, that describe the alignment of the
material; and finally global coordinates, X, that describe problem geometry.
The coordinates r and θ define a 2-D polar coordinate system in the x̄1x̄2
plane that is used throughout this section.
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2.1.1 Stress and Displacement Fields in the Neighborhood of
a Crack
To begin the formulation, the asymptotic stress and displacement fields
derived in [6] following Lehknitskii Formalism [16] are presented in Equa-


















































where summation from 1 to 3 is implied by repeated indices and < represents
the real part of the portion in brackets.
The remaining components of Equation (2.1) will be developed interac-
tively throughout this section. The first, and also the focus of this entire






With this, the definition of the more involved components begins. The
structure of the anisotropic DCM depends on the relationship between stress
and strain, given in Voight Notation as:
εi = Sijσj
with ε = [ε11, ε22, ε33, γ23, γ13, γ12]
T , σ = [σ11, σ22, σ33, σ23, σ13, σ12]
T , and S
the compliance tensor with respect to material coordinates.
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Calculation of any component of Equation (2.1) must be done using the
compliance tensor represented with respect to crack front coordinates, S∗.
While there are cases where the material and global coordinate systems are
aligned with the crack front coordinate system, it is generally necessary to
transform S to the crack front coordinate system. Although many practical
engineering materials exhibit some form of material symmetry that can make
the compliance tensor less dense, a transformation of the compliance tensor
to the crack front coordinate system can remove the effect these symmetries
bring in when S and S∗ coincide. Transforming this 6 × 6 matrix is not
straightforward. It depends on the vector representation of stress and strain
chosen and must handle the shear terms. The details of this process are dis-
cussed in Appendix A. Assuming the reader has built such a transformation




The relationships presented in Equation (2.1) are valid using the full form
of S∗ if plane stress behavior is assumed. If plane strain conditions are








i, j = 1, 2, 4, 5, 6 (2.4)
with S∗i3 = S
∗
3i = 0
Using Airy stress functions, Lehknitskii built a sixth-order characteristic
polynomial from two coupled partial differential equations based on the com-
patability equations [16], which has the form













4 − 2S∗16µ3(2S∗12 + S∗66)µ2 − 2S∗26µ+ S∗22
(2.5)
The components µi of Equation (2.1) are the roots of the characteristic
equation, l6(µ) = 0. It is proven in [16] that the roots of this characteristic
equation always occur in pairs of complex conjugates. For the presented
framework, µi for i = 1, 2, 3, will represent only the three roots with positive
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imaginary part.




i = 1, 2, 3 (2.6)
This point is the start of the differences between the formulation following
[6] and that used by [5] and proposed by Lehknitskii in [16].


























for i = 1, 2, 3 (2.7)
The matrix N is defined as
N =
 1 1 1−µ1 −µ2 −µ3
−λ1 −λ2 −λ3
 (2.8)
Which has determinant and inverse given by
|N| = λ1(µ3 − µ2) + λ2(µ1 − µ3) + λ3(µ2 − µ1)
N−1 = 1|N|
µ2λ3 − µ3λ2 λ3 − λ2 µ2 − µ3µ3λ1 − µ1λ3 λ1 − λ1 µ3 − µ1
µ1λ2 − µ2λ1 λ2 − λ1 µ1 − µ2

The final component of Equation (2.1), Qi, describes the position of a
point in the cylindrical crack front vertex coordinates in Figure 2.1.
Qi =
√
cos θ + µi sin θ fori = 1, 2, 3 (2.9)
2.1.2 Calculation of Stress Intensity Factors
As previously discussed, the goal of the DCM is to relate the jump in
displacement at the crack surface to the SIFs. This creates a clear way to
extract the stress intensity factors for a crack using the results of, e.g. a finite
8
element simulation. Section 2.1 fully defines the stress and displacement
fields in the neighborhood of the crack. These definitions will be used to
relate the jump in displacement at the crack to the SIFs.






To calculate jump in the displacement across the crack surface, the dis-
placement must be evaluated at θ = ±π, which makes the components of
Q in Equation (2.9) purely imaginary and equal in all components. Noting
that and the fact that the components of k will always be real valued, the






where = is the imaginary part of the quantity in brackets.
The jump in displacement at the crack surface, JuK is the difference be-






At this point the stress intensity factors can be represented as the solution
















Several cases where this method degenerates are noted in [6]. Hoenig pro-
vides methods to address these degenerate cases with small changes to the
overall framework given in Section 2.1.2. The root of these degeneracies




The problems begin for this method when the compliance tensor with
respect to crack front coordinates, S∗, has a monoclinic structure. This
corresponds to the material having the x̄1x̄2 plane in Figure 2.1 as a plane












In monoclinic materials the anti-plane shear and plane strain displacements
are decoupled. The consequence this brings on is realized in the l3(µ) com-
ponent of Equation (2.5). With S∗ structured in this way l3(µ) = 0 for any
input s. This makes all λi values zero. As a consequence of that, the matrix
N cannot be inverted and the system of equations for k in Equation (2.12)
is undefined.
The plane of symmetry simplifies the material behavior which requires a
change to the method. Another similar formulation proposed in [5] removes
the need for modification of the formulation in these degenerates cases, but
introduces an ambiguity in the case of general anisotropy. The system of
equations is dependent on the ordering of the roots µi and there is no clear
way to determine the correct order.
Fixing the degeneracy in this method is fortunately straightforward. The
first two positions µ1 and µ2 are taken as the two roots of l4(µ) with posi-
tive imaginary part and µ3 is the root of l2(µ) that have positive imaginary
part. Since all of the λi parameters will be zero they are removed from the
analysis. The only other modifications necessary for this case are changes to

















P13 = p23 = p31 = p32 = 0
for i = 1, 2 (2.13)
N =




Which has determinant and inverse given by
|N| = (µ2 − µ1)
N−1 = 1|N|
 µ2 1 0−µ1 −1 0
0 0 µ1 − µ2

Equation (2.1) remains accurate as long as the new definitions of its com-
ponents are used. Equation (2.12) can be used again to calculate the stress
intensity factors.
It is worth noting that this case can also handle orthotropic and cubic
materials. If S∗ exhibits orthotropic material behavior the following is true







The same µ, P, and N can be used as for monoclinic materials in Equa-
tion (2.12).
2.2.2 The x̄1x̄2 Plane is Isotropic
If S∗ is aligned in such a way that it exhibits the decoupling of displace-
ments discussed in the previous section and the material behavior is isotropic
in the x̄1x̄2 plane of Figure 2.1, the method will degenerate further. The type
of material that displays this behavior is said to be transversely isotropic.


















The components of the compliance tensor can be described by five elastic
constants E and E2, the moduli of elasticity, ν and ν2, the Poisson ratios, and
G, and G2 the shear moduli. The components E, ν, and G describe behavior
in the x̄1x̄2 plane and E2, ν2, and G2 describe the behavior x̄3 direction and


























In this case the two roots of l4(µ) with positive imaginary part will be equal
and have a value µ1 = µ2 = i. As is discussed in [6], this causes the equations
for the stresses and displacements for a transversely isotropic material to take
the form of an isotropic material. The in-plane displacements are identical
to that of the isotropic case, which allows the use of the equations for stress
intensity factors in an isotropic material for mode I and mode II fracture [2].
The anti-plane shear displacement equations are the same as the isotropic
case with one change. Instead of using the shear modulus G, G2 is used. For
completeness, the equations for stress intensity factor at a point on the crack























2.3 Anisotropic Energy Release Rate
The energy release rate quantifies the energy dissipated by a fracture pro-
cess. This value can be used to predict the fracture growth in bodies and can
also be used to calculate the SIFs in energy-based methods. These energy
based methods are not used here, but an anisotropic M-Integral is proposed
in [7] for the interested reader.
While the energy release rate is not used in this work, the equations to
calculate it are obtained in [6] using a crack closure integral. For the general
anisotropic case and the first degenerate case discussed in Section 2.2.1 the
energy release rate can be related to the SIFs using the components calculated





{KI=[p2iN−1ij Kj] +KII=[p1iN−1ij Kj] +KIII=[p3iN−1ij Kj]} (2.16)
If the x̄1x̄2 plane in Figure 2.1 is found to be isotropic, a separate formula
for the J integral must be used. This is also given in [6] using the elastic










2.4 Implementation of the Anistropic DCM
The numerical implementation of the anisotropic DCM is now in sight. A
relationship between the SIFs and the jump in displacement is clear from
Equation (2.12). The first step is to compute the displacement field for
the problem in question. This can be accomplished with any discretization
method appropriate for the problem at hand, results in this work are gener-
ated from a GFEM approximation and the enrichment functions denoted in
Section 3. With that, the jump in the displacement field can be obtained.
From here the components of Equation (2.12) or (2.15) must be obtained.
In order for the strategy to remain generally applicable, a method to handle
the degenerate cases is necessary. This problem is not so trivial and requires
a great deal of thought. To save future generations cast with implementing
this strategy a sound method is detailed in Appendix B. Once the full system
is ready, the SIFs can be solved for at a point on the crack front.
The use of Richardson Extrapolation [17] is proposed in [3] to increase
the accuracy of the SIF approximation of an isotropic DCM if at least two
extraction points are used. Given an approximate Mode I SIF, KI,ra , calcu-
lated at ra and KI,rb calculated at rb an approximation for the Mode I SIF








The same kind of approximation improvement can be implemented for KII
and KIII .
Several more strategies to further increase the accuracy of the DCM are
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proposed in [3]. From there the DCM results in this work use the averaging
scheme and moving least square smoothing.
In the averaging scheme more than two points are used to calculate the
SIFs. These points are paired and used to linearly extrapolate the value of the
SIF at the crack front. Now with multiple pairs available for extrapolation
the value for each SIF at the crack front can be taken as the average of all
of the extrapolation attempts. This can be stated mathematically as in [3]
If KjI,rk = K
∗j
I (rk) is taken as the approximate Mode I SIF at crack vertex j
obtained from the solution of Equation (2.12) or (2.15) for Mode I at a point
rk for k = 1, 2, ..., Nsamp with rk < rk+1 and Nsamp being the total number of
extraction points used. Define KjIl, l = 1, 2, ..., Nsamp−1 as an approximation
for KjI computed with Equation (2.18) at ra = rk and rb = rk+1 = rk + ∆k















This same process can be used to improve the Modes II and III SIF ap-
proximations.
The moving least square smoothing (MLS) strategy is used to reduce noise
in the SIF data obtained from the approximation. The strategy used here
was proposed in [18] using the same weighting function as in the references
work. The weighting function at a crack front vertex j is taken the same as
in [3], in particular




with s̄ being a parametric coordinate along the crack front, sj is the coordi-










z3j ) 0 ≤ zj < 1
1
6ρj
(2− zj)3 1 ≤ zj < 2






and the quadratic local basis, {1, s̄, s̄2}. A detailed
description of this method is given in [18], and can be used for any extraction
method as it is applied on the full field of SIFs.
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CHAPTER 3
PFEM-GFEM FOR FRACTURE ANALYSIS
The Generalized Finite Element Method (GFEM) [9, 10, 11] is a partition
of unity method [19], that provides a framework to enrich standard FEM
function spaces with auxiliary functions. Often times these functions in-
clude a priori knowledge of the solution being approximated. These added
functions provide an advantage for GFEM when compared to standard FEM.
This asset becomes more apparent in cases where the standard FEM is known
to have difficulty resolving. One such case is the simulation of problems in-
volving linear elastic fracture mechanics. GFEM, for example, can be used
to incorporate the singularity of the stress fields generated by the crack tip.
A brief outline of GFEM is given in this section, including discussion on its
application in fracture mechanics and on high order GFEM spaces.
3.1 The Generalized Finite Element Method
As discussed in the introduction of this section, GFEM provides a method-
ology to introduce functions that contain a priori knowledge of the solution
into the function space we wish to find an approximate solution within. A
domain Ω is discretized into a mesh, Ωh, with n containing Lagrangian finite
element shape functions, Nα∀α ∈ Ih = 1, 2, ..., n which form a partition of
unity. ∑
α∈Ih Nα(x) = 1 ∀x ∈ Ω
h
A standard GFEM approximation uh for the displacement field u at a












where α is an index over all nodes in the mesh, ũ are enriched FEM coef-
ficients, Ihe is a set of the enriched nodes within Ω
h, i is an index for the
enrichment functions at node α, mα is the number of enrichment functions
at node α and Eαi(X) is i-th the enrichment function at node α.
It is clear that the first term in this approximation is a standard FE approx-
imation. The second term is the enriched approximation containing a priori
knowledge of the solution. One convenient way to think about a GFEM ap-
proximation space is a combination of a standard FEM approximation space,
SFEM , and an enrichment space, SENR.




Nα(X)ũα uα ∈ R3 (3.2)
The enrichment space is defined using patch approximation spaces, χα(ωα)
defined as
χα(ωα) = span{Eαi}mαi (3.3)
where ωα is the support of node α








The full GFEM approximation space is then
SGFEM = SFEM + SENR (3.5)
In fracture studies the enrichment space is often separated into three func-
tion spaces





where SpENR is the polynomial function enrichment space, SHENR is the Heav-
iside function enrichment space, and ScfENR is the crack front enrichment
function space.
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3.2 Hierarchical High-order Shape Functions
In this work high-order polynomial approximation is used to add accuracy
for fracture mechanics problems investigated. Typical high-order FEM basis
are constructed with orthogonal polynomials. One strategy used often in
high-order GFEM simulations utilizes linear Lagrange polynomials enriched
with p-hierarchical Legendre polynomials, this strategy has been fruitful as
a polynomial basis for fracture mechanics studies [3, 18], but has been shown
to encounter problems with conditioning as the order increases. A potential
strategy to avoid this is the use of hierarchical high-order shape functions
proposed in [12, 13]. The referenced works provide a detailed examination
of the methods to build the basis.
Hierarchical high-order basis are constructed from the low-order shape
functions. Linear Lagrangian shape functions are used for the first order
approximation, each associated with a specific vertex node in the mesh Ωh.
This discretization method is hereafter referred to as a pFEM polynomial
basis. One useful way to think about the implementation of the pFEM basis
is to associate each basis function with high-order geometrical components of
the mesh. The quadratic basis functions can be associated with edge nodes
and cubic basis functions paired with face nodes. This strategy has been
investigated as a method to approximate fracture problems with a quadratic
basis in [13]. Optimal convergence rates and well-conditioned systems were
obtained when the appropriate enrichment strategy was used, making this a
promising method.
Construction of the pFEM basis is detailed relative to their geometrical
counterparts up to the highest order utilized herein, which is cubic. On a
tetrahedral master element with a ξ−η−ζ coordinate system with ξ, η, ζ ≥ 0
and ξ+η+ζ ≤ 1. A tetrahedron with vertex, edge, and face nodes numbered
following the convention in calculation of the pFEM basis functions is shown
in Figure 3.1






















Figure 3.1: Vertex, edge, and face nodes shown on a tetrahedron in master
coordinates (ξ, η, ζ)
Ñ0(ξ, η) = 1− ξ − η − ζ
Ñ1(ξ, η) = ξ
Ñ2(ξ, η) = η
Ñ3(ξ, η) = ζ
(3.7)
Edge Nodes: A quadratic polynomial associated with an edge node can
be built by the two shape functions of the vertex nodes that define the
edge.
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Ñ e20 (ξ, η, ζ) = Ñ0(ξ, η, ζ)Ñ1(ξ, η, ζ)
Ñ e21 (ξ, η, ζ) = Ñ1(ξ, η, ζ)Ñ2(ξ, η, ζ)
Ñ e22 (ξ, η, ζ) = Ñ2(ξ, η, ζ)Ñ0(ξ, η, ζ)
Ñ e23 (ξ, η, ζ) = Ñ0(ξ, η, ζ)Ñ3(ξ, η, ζ)
Ñ e24 (ξ, η, ζ) = Ñ1(ξ, η, ζ)Ñ3(ξ, η, ζ)
Ñ e25 (ξ, η, ζ) = Ñ2(ξ, η, ζ)Ñ3(ξ, η, ζ)
(3.8)
If a cubic approximation is used another term is added that is the prod-
uct of the quadratic edge node shape functions and a linear polynomial.
The polynomial of choice here is a first order Chebyshev polynomial
[17], φ, that is defined as
φ(τ) = τ (3.9)
where τ is a parametric coordinate that is defined for each element
edge.
The parametric coordinate τ is defined by a surface, which varies from
−1 at one of the nodes on the edge of interest to 1 at the other node.
At the remaining two nodes in the tetrahedron τ is set to zero. The
coordinate essentially projects a point in the tetrahedron onto the edge
where the cubic contribution of the edge node is being calculated. The
cubic functions for edge nodes are given in Equation (3.10) in terms of
the quadratic pFEM basis and the polynomial φ.
Ñ e30 (ξ, η, ζ) = Ñ
e
0 (ξ, η, ζ)φ(2ξ + η + ζ − 1)
Ñ e31 (ξ, η, ζ) = Ñ
e
1 (ξ, η, ζ)φ(η − ξ)
Ñ e32 (ξ, η, ζ) = Ñ
e
2 (ξ, η, ζ)φ(1− ξ − 2η − ζ)
Ñ e33 (ξ, η, ζ) = Ñ
e
3 (ξ, η, ζ)φ(ξ + η + 2ζ − 1)
Ñ e34 (ξ, η, ζ) = Ñ
e
4 (ξ, η, ζ)φ(ζ − ξ)
Ñ e35 (ξ, η, ζ) = Ñ
e
5 (ξ, η, ζ)φ(ζ − η)
(3.10)
Face Nodes: The cubic pFEM basis functions are built for each face of the
tetrahedron using either all three vertex nodes that define the face, or
using one edge shape node polynomial and the remaining vertex node
20
polynomial.
Ñ f30 (ξ, η, ζ) = Ñ0(ξ, η, ζ)Ñ1(ξ, η, ζ)Ñ2(ξ, η, ζ)
Ñ f31 (ξ, η, ζ) = Ñ0(ξ, η, ζ)Ñ1(ξ, η, ζ)Ñ3(ξ, η, ζ)
Ñ f32 (ξ, η, ζ) = Ñ1(ξ, η, ζ)Ñ2(ξ, η, ζ)Ñ3(ξ, η, ζ)
Ñ f33 (ξ, η, ζ) = Ñ0(ξ, η, ζ)Ñ2(ξ, η, ζ)Ñ3(ξ, η, ζ)
(3.11)
The pFEM polynomial functions can be represented as an appropriate
polynomial enrichment function multiplied with the standard FEM shape
functions as in Equation (3.4). If the enrichment functions are defined as the
ratio of the pFEM polynomial functions and a linear partition of unity, which
creates a polynomial [12], the hierarchical high-order pFEM functions will
be included in SGFEM via SpENR. In a quadratic approximation only the edge
node pFEM basis functions are used. If a cubic approximation is used the
pFEM basis functions defined on both the edge and face nodes are included
as well as the product of the cubic term based on the quadratic pFEM basis
on the edge nodes. The polynomial space defined here will be referred to as
a pFEM-GFEM space hereafter.
























where ω̄α is the closure of the support of node α and Θαβ is the set of faces
that are adjacent to the edge defined by nodes α and β
The first term in this space is the quadratic pFEM basis function. This is
the only term used with a quadratic approximation. The second term is the
cubic function built from the quadratic pFEM basis function and the linear
polynomial φ(τ), and the final term is the cubic pFEM basis function defined
at face nodes. The reader should exercise caution with the notation given
here. There are repeated terms in all components that must be avoided, this
is not expressed in Equation (3.12) to maintain simplicity.
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3.3 Enrichment Functions for Fracture
There are many proposed enrichment strategies for fracture analysis with
GFEM. In this work both the quadratic and cubic pFEM-GFEM spaces are
used along with two enrichment functions that utilize a priori knowledge of
the problem.
3.3.1 Discontinuous Enrichment Functions
The first of these is the Heaviside function, which allows representation of
the discontinuity in the displacement field brought on by the fracture. The
Heaviside function used is defined as
H(X) =
1 if X is above the crack surface0 if X is below the crack surface (3.13)
High-order Heaviside enrichment functions are adopted as well to achieve
the high-order approximation desired. The Heaviside function enrichment
space is set to match the polynomial order of SpENR. To accomplish this we
define SHENR as
SHENR = H(X)(SFEM ⊕ S
p
ENR) (3.14)
The Heaviside enrichment functions are used in all displacement directions
and at all nodes whose support is fully cut by the crack. In a quadratic
pFEM-GFEM approximation Heaviside functions are used at vertex and edge
nodes In a cubic approximation the vertex, edge, and face nodes are enriched
with Heaviside functions.
3.3.2 Singular Enrichment Functions
The second enrichment function for fracture problems is a singular (crack-
front) enrichment. Here a variation of the Oden-Duarte (OD) singular en-
richment functions [20] (Modified OD) based on the (2-D) Mode I, Mode II,
and Mode III exact solutions are used, denoted by, EODfront(x̄). The functions
are defined with respect to crack front coordinates shown in Figure 3.2, which





















EODfront−x̄1 in the x̄1 direction of crack tip coordinates
EODfront−x̄2 in the x̄2 direction of crack tip coordinates



























































The coordinates x̄ define the crack front coordinate system as shown in
Figure 3.2. Parameters r and θ are the polar coordinates built from the point
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on the crack front closest to point x̄. κ is the Kolosov constant defined as
κ = 3 − 4ν in-plane strain and κ = 3−ν
1+ν
for plane stress. Poisson ratio is
defined by ν and µ is the shear modulus.
The focus of this work is fracture in rectilinear anisotropic bodies, yet
isotropic crack tip enrichment functions are used. This is commented on in
more detail later in this section. For the keen reader, it is now important
to discuss how the values ν, G, and κ are determined for an anisotropic
material. A simple solution is given here there are certainly more options,
but they are not investigated. Poisson’s Ratio, ν is taken as an average of the
three independent values, ν12, ν13, and ν23. The shear modulus is calculated





The modulus of elasticity, E, is taken as the average of the three E11,
E22, and E33. The average of Poisson ratio and modulus of elasticity are
taken from the compliance tensor expressed with respect to the material
coordinates. This implementation is used to include the material anisotropy
in the least invasive way possible. The effectiveness of this enrichment is
discussed lightly in this work, but it is worth noting that the
√
r singularity
is the dominant characteristic in both anisotropic and isotropic materials in
the neighborhood of the crack tip.
The three terms in Equation (3.16) represent the Mode I, II, and III terms
of the asymptotic expansion of the solution of elasticity in the neighbor-
hood of a crack [2]. Modified OD functions must be rotated into the global
coordinate system by a rotation matrix R.
EOD(X) = REODfront(x̄) (3.18)
One major modification to the OD enrichment comes to the light here in
the rotation of this enrichment function. There can be cases where spurious
coupling of Mode I with Mode III terms, or Mode II with Mode III terms
results from this rotation. These cases arise when the third column of R has
more than one non-zero term. To avoid this unwanted coupling when these
cases arise the Mode III components are removed from the approximation
via zeroing out the third column of R.
These enrichment functions are assigned using two different strategies. The
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Figure 3.3: Topological enrichment of crack tip functions (red spheres) and
Heaviside enrichment (blue spheres) around the crack front
first is topological enrichment, which is simply applying enrichment only to
the nodes whose support is intersected by the crack front. An example of
topological enrichment is shown in Figure 3.3 with red spheres on the nodes
enriched with Modified OD functions, blue spheres on the nodes enriched
with Heaviside functions.
The second strategy is geometrical enrichment, where crack tip functions
are assigned in a set geometric region around the crack front. In this work
geometrical enrichment is done in layers. A mesh with crack tip functions as-
signed geometrically in 4 layers is shown in Figure 3.4 with red spheres on the
nodes enriched with Modified OD functions, blue spheres on the nodes en-
riched with Heaviside functions, and green spheres where both the Heaviside
and Modified OD functions are used as enrichment functions.
Expanding further on a previous point, the Modified OD functions are
built for an isotropic material, while the focus here is rectilinear anisotropic
materials. This is admittedly not the most rigorous treatment, however the
singularity created by the crack tip in both types of materials is the same.
Instead of implementing crack tip functions for the asymptotic solution of
elasticity in the neighborhood of a crack in an anisotropic elastic body, which
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Figure 3.4: Geometrical enrichment of crack tip functions (red spheres)
around the crack front with Heaviside enrichment (blue spheres) and the
combination of both (green spheres)
is quite involved and likely costly, we elect to use the isotropic Modified
OD crack tip functions and rely on the properties of the Galerkin Method.
Conclusions will be made about this decision after results from numerical
examples are presented in Chapter 4.






ûcfαi  EODαi (X)Nα(X) (3.19)





In this section problems from the literature are used to test the accuracy
of the anisotropic DCM introduced. In instances where the formulation de-
generates (cf. Section 2.1), the specific cases are noted. There are few cases
of anisotropic fracture where analytical solutions are available to test the ac-
curacy of the method, some are presented here. Most of the problems come
from published works where alternative methods are tested.
4.1 Edge Crack in an Orthotropic Bar
In this section, the SIFs for an edge crack in an orthotropic plate subjected
to uniform uniaxial tension σ0 are calculated. An accurate integral equa-
tion for this problem is given in [21]. The solution is for a two-dimensional
plane strain problem with an orthotropic material aligned with the global
coordinates and thus, the crack front coordinates. The problem provides
an opportunity to assess the performance of the proposed method against
a known solution. The geometry of the edge crack problem is shown in
Figure 4.1. The mesh shown is a general case of the mesh used to solve
the problem. Throughout this section, the discretization is varied to assess
proper simulation setup to be used in the next several sections. Mesh refine-
ment, enrichment strategies, and different setups for the anisotropic DCM
are considered.
To ensure plane strain behavior, displacements on the front and back faces
of the bar are constrained. Bar geometry is defined such that the ratio of
crack length to bar width is b/w = 0.5. The Edge crack is through-thickness
making the relationship between the length of the crack front and the bar
thickness t = a = 1. Bar height is taken as with h = 10a.










Figure 4.1: Geometry and mesh of orthotropic bar with an edge crack
dimensions, but here it is modeled in 3-D. In light of this, the material is
assumed to be transversely isotropic with the plane of isotropy parallel to
the crack surface in Figure 4.1. The material properties for this problem are
given in Table 4.1.
When the material is aligned with the global coordinate system this edge
cracked bar is single mode fracture, exhibiting only Mode I cracking. The
Mode I SIF with material properties given in Table 4.1 can be calculated




The problem is solved using the quadratic and cubic pFEM-GFEM strate-
gies discussed in Chapter 3. The parameters for the anisotropic DCM are
kept constant throughout these tests with 10 extraction points and the mov-
ing least square smoothing and average linear extrapolation techniques dis-
cussed in [3]. The point of this work is to detail the formulation and demon-
strate effectiveness. Further studies to optimize extraction are a topic of
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Table 4.1: Material properties for the edge cracked bar
Modulus of Elasticity E11 24.75× 106
E22 8.000× 106
E33 24.75× 106
Poisson Ratio ν12 0.1114
ν13 0.1114
ν23 0.0360




The effect of mesh refinement along the crack front on the accuracy of SIF
approximation is tested using several meshes with varying levels of refinement
along the crack front. The effect of refinement along the crack front is studied
by refining all elements on the crack front below a maximum element edge
length of 0.10a, 0.05a, 0.03a, and 0.01a. In these tests enrichment with
topological crack front functions is used due to the use of isotropic crack
front functions discussed in Section 3.3.














Figure 4.2: Detailed view of the mesh aroung the crack front for (a) 0.10a,
(b) 0.05a, (c) 0.03a, and (d) 0.01a
The ratio of the SIF at midpoint of the thickness of the bar extracted
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Table 4.2: Relative error with varied mesh refinement around the crack
front





using the anisotropic DCM, K̃I , and the analytical solution for the plane
strain SIF as well as the relative error at each level of refinement are given
in Table 4.2 for the cubic pFEM-GFEM approximation. It is clear that the
cubic pFEM-GFEM approximation is converging to the analytical solution
and is able to get very accurate results.





It is clear that a reasonable level of accuracy is generated without sig-
nificant mesh refinement, in fact, the most coarse mesh is able to provide
accurate results.
The relative error in SIF approximation vs degrees of freedom for both the
quadratic and cubic pFEM-GFEM spaces is shown in Figure 4.3.
Figure 4.3 provides some valuable insight into the effectiveness of the high-
order pFEM-GFEM spaces used here. The cubic approximation appears to
converge with mesh refinement, while the quadratic approximation is re-
maining stagnant. It also appears that significant mesh refinement is not
very beneficial to the method after a certain level.
A plot showing the value of the SIF across the crack front is shown in
Figure 4.4 to view the variance of the SIF approximation across the crack
front. A cubic pFEM-GFEM with topological crack front functions and mesh
refinement to 0.03a is used. The SIF is nearly constant across the body as
expected.
The problem is also solved using a varied number of geometric layers of
crack front enrichment functions to show the effect this has on the solution.
The problem is solved using topological crack front functions and topological























Figure 4.3: Relative error in SIF versus degrees of freedom for varied levels
of mesh refinement with cubic and quadratic pFEM-GFEM approximations



















Figure 4.4: SIFs calculated using the proposed anisotropic DCM and the
value from the 2D integral equation in [21]
ment to a maximum edge length of 0.03a is used. This problem is again
solved with cubic and quadratic pFEM-GFEM spaces to see if the added
enrichments layers make p = 2 a viable candidate.
The relative error in SIF approximation is plotted against degrees of free-
dom for the quadratic and cubic approximations in Figure 4.5






















Figure 4.5: Relative error in SIF versus degrees of freedom for varied layers
of crack front enrichment with cubic and quadratic pFEM-GFEM
approximations
sufficient to capture the analytical value of the SIF. The cubic approximation
does have some interesting behavior with added layers of enrichment, as the
error increases when moving from topological to two layers of geometrical
enrichment. It looks as though topological enrichment will be sufficient to
capture the SIFs in rectilinear anisotropic materials. This also seems like a
sound choice to avoid possible conditioning problems with the system.
Looking at the trends in Figures 4.3 and 4.5, it seems as though cubic
pFEM-GFEM spaces must be used. Mesh refinement is helpful but beyond
a certain point becomes less useful, so it capped at front refinement to 0.03a
moving forward. Finally, it looks as though topological enrichment is suf-
ficient to capture the analytical SIFs here. It is suspected that when more
complex cases of material alignment and crack geometry are encountered
these isotropic crack front enrichments are less helpful, for that reason, stud-
ies will continue with topological crack front enrichment functions.
4.2 Inclined Crack in an Orthotropic Body
In this section, a through-thickness inclined crack in an orthotropic body











Figure 4.6: An inclined crack in an orthotropic body
problem with both Mode I and Mode II. The geometry of the problem is
shown on the global mesh used to solve the problem in Figure 4.6.
The crack is angled α from the vertical. The material orientation is aligned
with the crack front coordinates. For this case, a plane strain solution exists
for an infinite domain. The solution on an infinite domain is derived in [22].








where σ is the magnitude of the tension force, a is the characteristic length
of the crack shown in Figure 4.6.
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Table 4.3: Material properties for the inclined crack problem
Modulus of Elasticity E11 10
E22 8
E33 6
Poisson Ratio ν12 0.1
ν13 0.2
ν23 0.3
Shear Modulus G12 4
G13 5
G23 6
Table 4.4: SIF data for the inclined crack problem
Analytical Value [22] Anisotropic DCM er
Mode I 0.2500 0.2514 0.005617
Mode II 0.4331 0.4354 0.005588
This problem is investigated in [7] using a 2-D mesh and the material
properties given in Table 4.3. The same material properties are used here.
A 3-D mesh with displacement constrained on the front and back faces to
mimic plane strain behavior is used. Geometry of the problem is chosen such
that boundary effects will not alter the approximation, thus h = w = 10a.
The problem is solved here with α = π
6
. The material alignment makes the
material exhibit orthotropic behavior with respect to the crack front, which
falls into the category of degenerate cases described in Section 2.2.1.
Using the insight gained in Section 4.1, the problem is solved with a cubic
pFEM-GFEM space with topological crack front enrichment functions and
refinement along the crack front to a maximum edge length of 0.03a. This
problem provides a comparison to a mixed-mode analytical solution to test
the ability of the proposed anisotropic DCM.
The analytical value obtained with Equation (4.3) and the value from the
proposed anisotropic DCM at the midpoint of the body are shown in Ta-








It is clear that the proposed method is in excellent agreement with the
analytical solution. The proposed anisotropic DCM is able to accurately
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handle mixed-mode fracture problems in rectilinear anisotropic materials.
The Mode I and Mode II SIFs are given in Figure 4.7 across the front of the
crack.











































Figure 4.7: (a) Mode I SIFs and (b) Mode II SIFs across the crack front for
the inclined crack problem
Clearly, there is little variance of the SIF across the crack front. The value
is approximated accurately throughout the crack front. The discretization
strategy chosen based on comparison to a single mode analytical solution has
held up against a mixed-mode analytical solution as well, both the pFEM-
35
Table 4.5: Material properties for Orthotropic I and Orthotropic II
Orthotropic I Orthotropic II
E11 8.000× 106 2.475× 106
E22 2.475× 106 8.000× 106




G12 7.000× 105 7.000× 105
G13 3.861× 106 1.114× 107
G23 7.000× 105 7.000× 105
GFEM fracture approximation and the proposed anisotropic DCM are ready
for more realistic testing.
4.3 Surface Crack in an Orthotropic Plate
A semi-elliptical crack in an orthotropic plate under remote tensile stress
is the subject of this section. This problem introduces the capability of the
proposed anisotropic DCM to handle fully three-dimensional fracture. The
plate is composed of a transversely isotropic material. The crack geometry
is aligned in such a way that the compliance tensor with respect to the crack
front coordinates always exhibits transversely isotropic material behavior.
This presents a degenerate case of the formulation described in Section 2.2.1,
that is, materials with monoclinic or greater symmetries. This is a single
mode problem, resulting in only Mode I SIFs.
The geometry of the plate is shown in Figure 4.8 on the global mesh
used to solve the problem. The dimensions of the plate are taken such that
h = b = 5c and a/t = 0.4. The elliptical crack geometry is defined as
a/c = 0.2. A closeup of the mesh around the crack is given in Figure 4.9.
The problem is examined for two transversely isotropic materials with
material properties given in Table 4.5. There is no analytical solution for
this problem, but it has been addressed in [5], which will be used as a point
of comparison for the proposed implementation.
The mesh is refined around the crack front such that the maximum edge

















Figure 4.9: Crack front mesh used to solve the semi-elliptical crack problem
A cubic pFEM-GFEM approximation following Section 3.2, and using the
same refinement and enrichment recommended from the first problem. The
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Anisotropic DCM Ortho I
Anisotropic DCM Ortho II
3DFAS Ortho I [5]
3DFAS Ortho II [5]
Figure 4.10: Mode I SIFs for a semi-elliptical crack in an orthotropic plate
Mode I SIFs obtained using the proposed anisotropic DCM are plotted for
both Orthotropic I and Orthotropic II materials in Figure 4.10 along with
the results from [5]. The value of θ varies from 0◦ at the free surface of









where Q = 1 + 1.464(a/c)1.65
The proposed anisotropic DCM accurately captures the results from [5].
The values are slightly below those published in the reference, but the same
trend between Orthotropic I and Orthotropic II materials is recovered with
both methods. The relative difference between the two strategies calculated
using a discrete L2-norm defined in Equation (4.6) is less than 1.5% for both


















where K̂i is the Mode i SIF from [5] and Ki is the Mode i SIF obtained with
the proposed anisotropic DCM.
4.4 Surface Crack in an Orthotropic Cylinder
This section concerns a half penny shaped crack in an orthotropic cylinder
subjected to remote tensile loading. The problem is investigated using the
two materials given in Table 4.1. This is a single mode problem displaying
only Mode I behavior. The overall geometry of the problem is given in
Figure 4.11 on the mesh used to solve the problem. A close-up view of the
mesh around the crack front is shown in Figure 4.12.
The problem geometry is created such that the ratio of the crack radius,
a, to the cylinder radius, b, is a/b = 1/3. The cylinder height is taken as
h = 5a. In this problem, the material aligns in such a way that the x̄1x̄2
plane is isotropic at two points in the full domain and will be orthotropic
at another two. This means both degenerate cases described in Section 2.2
are encountered. Due to symmetry, only a quarter of the problem is solved,
this will make the first degenerate case (Section 2.2.1) at θ = 0◦ and the
second (Section 2.2.2)) at θ = 90◦ using the parametric angle defined in
Figure 4.12. These cases only truly occur when the material coordinates and
crack coordinates align, as the points between lose the material symmetry in
S∗ after transformation.
There is no analytical solution for this problem, but it is explored in [5].
The Mode I SIFs for the Orthotropic I and Orthotropic II materials are
plotted as θ moves from 0◦ to 90◦ for the proposed method and the values
published in [5] in Figure 4.13. The SIFs are normalized using Equation (4.4).
The values from the proposed DCM match very well for low θ, but as θ
grows they separate. This is likely due to differences in discretization. En-
riched FEM is used with anisotropic crack front enrichment functions in [5],
which likely yields different results than the method used with the proposed











Figure 4.11: Problem geometry and mesh used to solve the surface crack in
an orthotropic cylinder
Orthotropic I is just below 2% and is 3.2% for Orthotropic II.
4.5 Inclined Elliptical Crack in an Orthotropic Cube
To view the capability of the proposed method to handle a dense S∗, the
case of an inclined elliptical crack in an orthotropic body is investigated.
The problem is investigated with both the Orthotropic I and Orthotropic
II materials. The varied alignment of the crack front changes the material
properties at each point the SIFs are calculated. This problem investigates





Figure 4.12: Closeup view of mesh around the crack front for the half
penny crack
of the problem is shown in Figure 4.14 on the global mesh used to solve the
problem.
The dimensions of the cube and the fracture are chosen such that c/b =
3/40 and a/c = 9/15.
The crack is rotated 30◦ in the X1X3 plane i.e., the angle φ = 30
◦ in
Figure 4.15b. Full details of the crack geometry are shown in Figure 4.15
including the definition of parametric angle θ used to plot the results.
In this problem, the majority of the SIF calculations are done at points
which the material behavior with respect to crack front coordinates is gen-
erally anisotropic, however, both degenerate cases in Section 2.2 are encoun-
tered. When the parametric angle θ = 0◦, 180◦ the x̄1x̄2 plane in crack front
coordinates is isotropic and when θ = 90◦, 270◦ the material is orthotropic in
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Anisotropic DCM Ortho I
Anisotropic DCM Ortho II
3DFAS Ortho I [5]
3DFAS Ortho II [5]
Figure 4.13: Mode I SIFs for the half penny shaped crack in an orthotropic
cylinder
Table 4.6: Relative difference between proposed anisotropic DCM and
values in [5] using Equation (4.6)
KI (%) KII (%) KIII (%)
Orthotropic I 0.40 2.35 1.53
Orthotropic II 0.35 1.57 2.58
the x̄1x̄2 plane of crack front coordinates.
The full problem is modeled due to the lack of symmetry. The mesh is
refined along the crack front such that the maximum edge length of crack
front elements is less than 0.03a. A cubic pFEM-GFEM approximation is
used with topological crack front enrichment function. The global mesh is
pictured in Figure 4.14.
Again, there is no analytical solution to this problem, but it was inves-
tigated in [5]. The Mixed Mode SIFs are shown in Figures 4.16, 4.17, and
4.18. The SIFs are normalized using Equation (4.4).
The relative difference between the proposed anisotropic DCM and the









Figure 4.14: Geometry and mesh used for the inclined elliptical crack in an
orthotropic cube
This fully mixed-mode problem is approximated very well by the pro-
posed anisotropic DCM in all three modes. The degenerate cases at θ =
0, 90, 180, 270 all appear to be captured without any noticeable loss of accu-
racy. This points out the generality of the formulation behind this imple-
mentation. With this, it appears the anisotropic DCM detailed herein can














Figure 4.15: Details of inclined elliptical crack within cube



















Anisotropic DCM Ortho I
Anisotropic DCM Ortho II
3DFAS OrthoI [5]
3DFAS OrthoII [5]
Figure 4.16: Mode I SIFs for the inclined elliptical crack
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Anisotropic DCM Ortho I
Anisotropic DCM Ortho II
3DFAS OrthoI [5]
3DFAS OrthoII [5]
Figure 4.17: Mode II SIFs for the inclined elliptical crack
























Anisotropic DCM Ortho I
Anisotropic DCM Ortho II
3DFAS [5]
3DFAS [5]




The anisotropic DCM presented here has shown the ability to accurately
approximate SIFs from problems with both single mode and mixed-mode
analytical solutions with great accuracy. Complex problems available in the
literature have been used as benchmarks to assess the method in mixed-
mode fracture problems. The versatility of the mathematical framework
in [6] tailors a method able to handle the challenges that come along with
linear elastic fracture mechanics problems in rectilinear anisotropic materials
where other methods seem to lack. For a robust implementation, there are
degeneracies in the mathematical framework that must be accounted for.
Using the strategy detailed within this work the degenerate cases appear to
be a non-issue.
In the numerical examples, it becomes apparent that a high-order approxi-
mation is needed to capture anisotropic fracture. A quadratic approximation
is able to reach a solid level of accuracy, but the cubic approximation greatly
improves the results. Local mesh refinement around the crack front is help-
ful, in general, but not as useful as an increased order of approximation.
Geometrical modified OD crack front enrichment functions are not used sig-
nificantly in this work. Geometrical enrichment of crack front functions does
increase accuracy for the edge cracked bar investigated in Section 4.1, but
this is a case where material behavior is not far from isotropic. As the crack
geometry and material alignment of a problem becomes more complex it is
believed these will not benefit the solution much. There is also a concern that
geometrical enrichment may introduce conditioning problems. This work de-
tails an anisotropic DCM and not necessarily the optimal simulation setup
for he use of it. With that, this possible error source aided in the decision to
use topological enrichment of crack front enrichment functions.
A study to optimize the performance of this method with discretization
setup is of interest for future work. The effect of anisotropic crack front
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enrichment functions in a GFEM framework would also be of interest. It
appears that the isotropic Modified OD functions are adequate in terms of
accuracy, but a look at the gained accuracy and computational cost could be
useful. Testing the use of a quadratic approximation on the whole domain
and a cubic approximation on a subset of the domain in the neighborhood
of the crack front is of great interest. The cubic polynomial order appears to
be a major help when used on the whole domain, but the high order effects
may only be necessary in part of the domain. Investigation of a nonplanar
fracture in an anisotropic body could provide some valuable information for
this use of this framework in anisotropic fracture propagation problems. The
complex geometrical challenges coupled with the material behavior would be
very interesting to examine.
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The relationships defined within Equation 2.1 are constructed with respect
to a coordinate system that is built from the geometry of a crack (cf. Fig-
ure 2.1, x̄). The compliance tensor with respect to material coordinates, S,
is readily available, but if material coordinates do not align with crack front
coordinates S must be transformed. The transformation of S to crack front
coordinates, S∗ can be done several ways, one is detailed here that is believed
to be quite general. A similar process is detailed in [16, 8].
A 6 × 6 transformation matrix must be built to transform S to the crack
front coordinate system. This matrix is constructed from the components of
a matrix that will transform a tensor from the material coordinates, those
used to define the compliance and stiffness tensors of the material, to the
crack front coordinates. This process nearly done after two steps, the first
is to build a matrix that transforms between global coordinates and the
material coordinates. This consideration is often available to account for
the case when the material is not aligned with the global coordinate system.
Another transformation matrix is then built to move between the crack front
coordinate system and the global coordinate system. This transformation
matrix proves to be very useful when calculating the stress intensity factors
in general. It is not difficult to show that the multiplication of these two
matrices together will provide a matrix capable of transforming between the
material and crack front coordinate systems, which will be referred to as
Tmc.
Tmc = TmgTgc (A.1)
where the subscripts denote transformation from material coordinates to
global coordinates and from global coordinates to crack coordinates.
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Building the transformation matrix for S is now straightforward, but te-
dious. If I denote the components of Tmc as follows:
Tmc =
α1 β1 γ1α2 β2 γ2
α3 β3 γ3
 (A.2)

















3 β3γ3 α3γ3 α3β3
2α2α3 2β2β3 2γ2γ3 β2γ3 + β3γ2 α2γ3 + α3γ2 α2β3 + α3β2
2α1α3 2β1β3 2γ1γ3 β1γ3 + β3γ1 α1γ3 + α3γ1 α1β3 + α3β1
2α1α2 2β1β2 2γ1γ2 β1γ2 + β2γ1 α1γ2 + α2γ1 α1β2 + α2β1

(A.3)
The compliance tensor can now be expressed with respect to the crack







NOTES ON THE IMPLEMENTATION OF
THE ANISOTROPIC DCM
The degenerate cases of the method are, in theory, easily identified through
the structure of the compliance tensor, S∗. While this may seem like a viable
avenue for detection of these cases, it proves to be quite challenging numeri-
cally. With the transformation of the compliance tensor from an arbitrarily
aligned material coordinate system to a problem dependent crack tip coor-
dinate system and the inherently low magnitude of the compliance tensor,
there is plenty of room for numerical error to spoil this strategy. There is po-
tential for spotting these numerically zero terms when compared to a scaled
compliance tensor, but this often requires a considerably large tolerance fac-
tor to be reliable. A large tolerance factor for scaled comparison would likely
cause troubles when investigating a material with reinforcement, or that have
inherently large differences in strength along different axis. What has been
proven to be the best strategy is going back to the pieces of the formulation.
As is made clear in [6] there are certain affects of these degenerate cases
that can be caught while avoiding the problems seen found using the compli-
ance tensor as a metric. In the first degenerate case the material is monoclinic
with respect to the crack tip coordinate system, which will cause the compli-
ance tensor to have some structure. This will also cause one of the operators
in Equation 2.5 to become zero for any input. To benefit the reader Equa-
tion 2.5 is restated here along with the zero components from a monoclinic
compliance tensor.



























With these in sight it is clear that l3(µ) will be zero for any input µ. The
modifications of the method to handle this case covertly provide a method
to identify the case. Since l3(µ) = 0 for any µ, the roots of the characteristic
equation will simply be the roots of l4(µ) and l2(µ). If the same strategy used
to calculate the roots of the sixth order characteristic equation is permitted
to be used in this case, say by the eigenvalues of a companion matrix [17],
and the calculation of the roots of l2(µ) using the closed form solution for
the roots of a quadratic polynomial, a comparison between the roots of the
characteristic polynomial and those of l2(µ) could solve the problem. If one
of the roots from the general equation is numerically equivalent to a root of
l2(µ) the formulation will degenerate. In this same comparison step, the roots
of the characteristic polynomial can be ordered to match what is prescribed
in Section 2.2. Now the first degenerate case is under control.
The second case is a subset of the first. S∗ will have the same nonzeros
along with several more, but the case can be handled more elegantly than this.
Isotropy in the 2D crack analysis plane will introduce another interesting
case with the roots of the characteristic equation. If the implementation has
noticed that the formulation will degenerate it can check further if the two
roots of l4(µ) with positive imaginary part are the same, namely µ1 = µ2 = i,
then the 2-D crack analysis plane is isotropic. Now it is important to take
from S∗ the values G, G2, and κ which can be readily obtained using the
definition of the components on the compliance tensor (cf. [16]).
This strategy has proven to be more effective than comparison against the
compliance tensor. With these two checks, both degeneracies can be caught
in a clear and robust way.
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